Abstract. Let (X, Y ) be a suitable couple of quasi-Banach lattices of measurable functions on T × Ω, and let (X A , Y A ) be the couple of the corresponding Hardy-type spaces. We show that (X A , Y A ) is K-closed in (X, Y ) if and only if (X, Y ) is BMO-regular for a general couple of Banach lattices having the Fatou property when Ω is a discrete measurable space. Furthermore, we establish this equivalence if X is allowed to be quasi-Banach but Y is assumed to be p-convex with some p > 1 (here Ω is arbitrary). We also show under certain mild restrictions that the "good interpolation" formula
Description of the main results
The interpolation properties of Hardy-type spaces are of considerable interest; see, e. g., [11] , [15, Chapter 7] , [29] . For convenience and clarity we begin by briefly stating the results; a detailed overview of the relevant background with appropriate references is provided in Section 2 below.
We work with quasi-Banach lattices X of measurable functions on the measurable space T × Ω, where (Ω, µ) is some σ-finite measurable space (see Section 3 below for the common definitions) and the associated Hardy-type spaces X A = {f ∈ X | f (·, ω) ∈ N + for a. e. ω ∈ Ω}, where N + is the boundary Smirnov class. For example, the Lebesgue spaces L p , 0 < p ∞ yield the usual Hardy spaces [L p ] A = H p , but this definition also yields the Hardy-Lorentz spaces H p,q , the weighted Hardy spaces H p (w ), the variable exponent Hardy spaces H p(·) , the vector-valued Hardy spaces H p (l q ) and many others. To avoid degeneration, we usually assume that X satisfies property ( * ): for any f ∈ X such that f = 0 there exists a majorant g |f | such that g X C f X and log g(·, ω) ∈ L 1 for a. e. ω ∈ Ω with some constant C independent of f . If X also satisfies the Fatou property then X A is a closed subspace of X; see, e. g., [17, §1] . Definition 1. Let (X, Y ) be a couple of quasi-Banach lattices of measurable functions on T × Ω. We say that the couple (X A , Y A ) has stable interpolation with respect to an interpolation functor F if it satisfies the "good interpolation formula"
An important case of stability for the real interpolation is outlined by the following property.
Definition 2. A couple (X, Y ) is called AK-stable if the couple (X
, that is, if for any f ∈ X and g ∈ Y such that f + g ∈ X A + Y A there exist some F ∈ X A and G ∈ Y A satisfying f + g = F + G, F X c f X and G Y c g Y with some constant c independent of f and g.
Informally, AK-stability means that we may replace arbitrary measurable decompositions of functions from X A + Y A by some analytic decompositions with a good control on the norm. As one would imagine, this property has many applications. In particular, it is easy to see that (1) holds true for all AK-stable couples (X, Y ) and real interpolation functors F .
In the interesting cases AK-stability is difficult to verify directly; however, as we will see in a moment, it is closely related to the following property.
Definition 3.
A lattice X is said to be BMO-regular if for any nonzero f ∈ X there exists a majorant u |f | such that u X m f X and log u(·, ω) BMO C for a. e. ω ∈ Ω with some constants m and C independent of f . C for a. e. ω ∈ Ω with some constants C and m independent of f and g.
This property describes a class of couples of lattices that are nice in a certain natural sense pertaining to harmonic analysis, and as such BMO-regularity is fairly well understood; see, e. g., [28] . In many particular cases it is possible to give simple characterizations for BMO-regular couples. For instance, a weighted Lebesgue space L p (w ) with the norm f Lp(w ) = f w
−1
Lp is BMO-regular if and only if log w (·, ω) ∈ BMO uniformly in a. e. ω ∈ Ω, and a couple (L p 0 (w 0 ) , L p 1 (w 1 )) is BMO-regular if and only if log
∈ BMO uniformly in a. e. ω ∈ Ω.
At first glance it may seem that BMO-regularity has nothing to do with AK-stability. However, BMO-regularity implies AK-stability by [11, Theorem 3.3] . It has long been suspected that BMO-regularity is not only sufficient but is also necessary for AK-stability, but the equivalence under a natural generality remained elusive; see Section 2 below for a detailed background. Now we are finally able to provide such a result.
Theorem 5. Let X and Y be Banach lattices of measurable functions on T × Ω satisfying the Fatou property and property ( * ). Suppose also that Ω is a discrete space. Then (X, Y ) is AK-stable if and only if (X, Y ) is BMO-regular.
The proof of Theorem 5 is given in Section 4 below; we establish that under the stated conditions AK-stability implies the bounded AKstability property, which is known to be equivalent to BMO-regularity by [30, Theorem 4] . The idea and many of the details of the argument are essentially identical to the main result of [12] : we use a fixed point theorem in order to derive the existence of a decomposition of the required form from a weaker property. Although this approach has been known to the author at the time the question about the equivalence between AK-stability and bounded AK-stability was raised in [27] , the technique developed by that time proved to be inadequate. The FanKakutani fixed point theorem, which was successfully applied before to similar problems (see [17] , [27] , [28] , [12] ), seems to be inapplicable to the task at hand, and we have to take advantage of a much more potent Powers's fixed point theorem [26] .
The assumption that the space Ω is discrete is crucial for the particular fixed point argument in the proof of Theorem 5, as is the assumption that both X and Y are Banach lattices, and it is presently unclear how these restrictions might be lifted. The discreteness assumption in particular, although apparently not terribly restrictive, still seems to be very odd and unfortunate by contrast with the rest of the theory working fine for arbitrary Ω, including the rest of the results of the present work.
If one of the lattices has nontrivial convexity, we may take any quasiBanach lattice for the other and still establish the equivalence. Theorem 6. Let X be a quasi-Banach lattice and Y be a p-convex Banach lattice with some p > 1, both spaces being lattices of measurable functions on T×Ω satisfying the Fatou property and property ( * ). Then (X, Y ) is AK-stable if and only if (X, Y ) is BMO-regular.
The proof of Theorem 6 is given in Section 5 below. This result follows from [30, Theorem 2] and is thus independent of Theorem 5. The main idea is that we can replace X by a real interpolation space (X, Y ) θ,p , which has the required convexity if θ is sufficiently close to 1; we arrive at the conditions of [30, Theorem 2] after a reasonably short chain of reductions with the help of lattice multiplication and duality.
Corollary 7. Let (X, Y ) be a couple of Banach lattices of measurable functions on T × Ω satisfying the Fatou property and property ( * ). Suppose that Y is q-concave with some 1 q < ∞. This corollary was established in [30, Theorem 3] for Banach lattices X and under an awkward assumption that p ∈ {1, 2, ∞}, which we thus lift. The case p > 1 is a direct consequence of Theorem 6, and the case p = 1 follows from Corollary 7.
In fact, for most couples (X, L q ) it is possible to obtain a stronger result, namely the equivalence of the stability (1) for the usual real interpolation functors and BMO-regularity.
Theorem 9. Let X be a Banach lattice of measurable functions on T×Ω satisfying the Fatou property and property ( * ), and let 1 p, q < ∞. Suppose that both X and X ′ have order continuous norm, and either q > 1, or X is r-convex with some r > 1. Then
for some (equivalently, for all) 0 < θ < 1 if and only if X is BMOregular.
The proof of Theorem 9 is given in Section 6 below; it uses the complete form of the seminal result [9, Theorem 5.12] of N. Kalton (see Section 2 below). The superreflexivity assumptions imposed in [9] are very similar to that of Theorem 9. The case Y = L q lends itself to a rather simple treatment: as in the main result of [30] , after certain reductions we can take advantage of the formula (Z,
It is yet to be seen whether such an equivalence holds true for general couples (X, Y ).
Historical remarks
By necessity we only sketch out some highlights and allow (hopefully minor) simplifications and omissions; see also [11] , [15, Chapter 7] , [29] .
For the classical couples (H p , H q ) with 1 p, q ∞ (where p = 1 and q = ∞ are the interesting cases, since the corresponding Hardy spaces are not complemented in L 1 and L ∞ ) P. Jones in [8] established the stability of interpolation (1) for arbitrary interpolation functors F ; see also [2, §5.10] . The proof uses certain constructive solutions for ∂-equations with Carleson measure data and is thus rather involved.
Apparently, for the first time the importance of the AK-stability 1 property was clearly articulated by G. Pisier in [24] , [23] , [25] , who, in particular, proved in a rather elementary way the AK-stability of
) for 1 p j , q j ∞, and also gave a simple proof of the Grothendieck theorem for the disc algebra with the help of the latter.
After a few further developments (that we will mention shortly) came a landmark contribution by N. Kalton [9] , who did a thorough study of the stability of the complex interpolation in a rather general setting. Apparently for the first time, he introduced 2 the notion of BMOregularity and pointed out most of its essential properties. The BMOregularity theory was further extended and refined in [11] , [17] , [18] , [27] , [28] .
In a series of examples preceding [9] it was gradually discovered that BMO has something to do with the interpolation of Hardy-type spaces. M. Cwikel, J. McCarthy and T. Wolff showed in [5] that
is an interpolation space of type θ, 0 < θ < 1, for the couple (H p (w 0 ) , H p (w 1 )) if and only if log w 0 w 1 ∈ BMO using the corona theorem. Later S. Kisliakov and Q. Xu established in [13] that the couple (H p 0 (w 0 ) , H p 0 (w 1 )) is AK-stable if and only if log w 0 w 1 ∈ BMO and made some vector-valued generalizations formulated in terms of a majorization property, which was subsequently seen (in [16] ) to be equivalent to BMO-regularity.
In [9] N. Kalton proved that under certain superreflexivity assumptions a couple (X, Y ) satisfies (1) for the complex interpolation functor F = (·, ·) θ with some 0 < θ < 1 if and only if (X, Y ) is BMO-regular, thus completely characterizing for the first time an interpolation stability property for Hardy-type spaces in a rather general setting. The proof of the "if" part, given by [9, Theorem 5.7] , amounts to a very simple explicit construction 4 (which can easily be made to work for BMOregular couples whenever both lattices have order continuous norm).
The "only if" part, on the other hand, is rather involved; together with the early version of the BMO-regularity theory, it is based on Kalton's remarkable tools for computations with Köthe spaces, which have attracted significant attention over the years (see, e. g., [4] ), and on some deep insights into the stability of complex interpolation.
Major progress was achieved in a review [11] by S. Kisliakov, who demonstrated, among other things, that every BMO-regular couple is AK-stable, and provided a "method solving all interpolation problems" for couples of weighed Hardy spaces, proving in a rather elementary manner that every BMO-regular couple of weighted Lebesgue spaces satisfies (1) and thus resolving just as much in this setting as P. Jones did some 15 years earlier for the classical case; see Theorem 15 in Section 7 below.
The question about the relationship between AK-stability and BMOregularity was (somewhat implicitly) raised in [11] . It was well known at that time that this is the case for couples of weighted Lebesgue spaces, but Kalton's result suggested that this might also be true in a much more general setting.
Indeed, in [17] it was shown that BMO-regularity is necessary for AK-stability for couples of a special form (
) with an additional variable, but without any significant restrictions on the lattice X. The proof introduced several new ideas; the arguments making use of an additional variable with a power weight and the application of a fixed point theorem are of particular importance. Fixed point arguments later proved to be instrumental in establishing certain important properties of BMO-regularity (see [27] , [28] ).
The equivalence established in [17] was later extended to some other similar cases in [27] , where also a bounded AK-stability property, which is a stronger and in many respects more convenient modification of the AK-stability property, was explicitly introduced and studied to some extent. In [29] , it was shown (again with the help of the bounded AK-stability) that the equivalence of AK-stability and BMO-regularity takes place for couples L p(·) , L ∞ with a piecewise smooth exponent p(·). Although in retrospect these results do not seem to be particularly impressive and were not directly useful in the end, they still helped to build up some confidence and refine certain techniques.
In [12] , a technique was developed for a question related to the corona theorem. In the present work essentially the same technique is used to establish the equivalence between AK-stability and the bounded AKstability in the proof of Theorem 5.
More recently in [30] , new insights made it possible to prove the equivalence of AK-stability and BMO-regularity for general couples of 2-convex lattices (X, Y ) and in some similar cases. Firstly, it was realized that AK-stability of a couple of the form (Z, Z ′ ) implies stability for complex interpolation of a related couple (V θ 1 , V θ 2 ) of spaces 2 , which allows one to take advantage of Kalton's results and establish BMO-regularity of V θ . The proof of Theorem 9 in Section 6 uses a similar reduction. Secondly, it was shown that BMO-regularity of V θ implies BMO-regularity of Z, in a complicated argument that introduced an additional variable and exploited a symmetry to infer BMO-regularity of Y 1 2 from that of (Y, L ∞ ) 1 2 ,∞ . In the computations needed to make the necessary reduction, a three-lattice reiteration formula was used. The validity of such formulae is based on certain nontrivial facts about the Sparr interpolation spaces; similar computations appear in the proof of Proposition 14 below.
Preparations
We begin by stating a very general fixed point theorem from [22] used in the main result; for a good general reference on the fixed point theory see, e. g., [6] . Luckily, this impressive result is not hard to get hold of for our purposes, even though the relevant theory is rather complicated and its key elements may not be familiar or even quite readily explainable to an interested reader coming from analysis.
Suppose that X and Y are topological spaces. A set-valued map
T is said to be upper semicontinuous if for any closed set B ⊂ Y its preimage
is also closed. There is a more natural equivalent definition: T is upper semicontinuous if and only if for any open set U ⊂ Y the set
is also open. Thus a composition of of upper semicontinuous maps is also upper semicontinuous. It is easy to see that if Y is a regular topological space 5 and the values of T are closed then T is upper semicontinuous if and only if T is a closed map. T is called compact if the closure of its image T (X) is compact in Y . Observe that a composition of compact maps (and even a composition of a compact map with any map) defined on a Hausdorff compact set is also compact. For the notion and the definition of an acyclic topological space we (by necessity) refer the reader to [6] and to the various algebraic topology textbooks; in the present work we will only use the simple fact that convex sets of a topological vector space are acyclic. T is called an acyclic map if T is upper semicontinuous and its values are compact and acyclic.
A nonempty set X ⊂ E in a linear topological space E is called admissible (in the sense of Klee) if for any compact set K ⊂ X and any open set V ⊂ E, 0 ∈ V , there exists a continuous map h : K → X such that x − h(x) ∈ V for all x ∈ K and h(K) is contained in a finitedimensional subspace L ⊂ E. In other words, X is admissible if any compact set K ⊂ X can be continuously and uniformly approximated by a family of finite-dimensional sets of X. In particular, any nonempty convex set of a locally convex linear topological space is admissible.
Let X be a nonempty convex set in a linear topological space E, and let Y be another linear topological space. A set P ⊂ X is called a polytope if P is the convex hull of a finite set in X. A map F : X → 2 Y belongs to the "better" admissible class B(X, Y ) if and only if for any polytope P ⊂ X and any continuous function f : F (P ) → P the composition f • F | P : P → P has a fixed point. Observe that admissibility refers in this notion to the existence of fixed points in a restricted sense. The class B(X, Y ) encompasses a large number of particular classes of maps that are known to have fixed points; in the present work we will only use the fact that this class contains finite compositions of acyclic maps. The corresponding fixed point theorem was established in [26] (see also [6, §19.9] for the statement in context), and it is possible to use it directly with minor adaptations; the powerful result [22] , however, allows us to keep the necessary topological explanations to a minimum. . Let E be a Hausdorff topological vector space, and let X ⊂ E be an admissible convex set. Then any closed compact map F ∈ B(X, X) has a fixed point.
Let (Ω, µ) be a σ-finite measurable space, and let m be the normed Lebesgue measure on the unit circle T. A quasi-normed lattice of measurable functions X on T × Ω is a quasi-normed space of measurable functions X in which the norm is compatible with the natural order; that is, if |f | g a. e. for some function g ∈ X then f ∈ X and f X g X . For simplicity we only work with lattices X such that supp X = T × Ω up to a set of measure 0. For more detail on the normed lattices and their properties see, e. g., [10, Chapter 10] .
A function f on X is said to be order continuous if for any sequence x n ∈ X such that sup n |x n | ∈ X and x n → 0 a. e. one also has f (x n ) → 0. If X is Banach then any order continuous functional f on X has an integral representation f (x) = xy f for some measurable function y f which can be identified with f . The set of all such functionals X ′ is also a Banach lattice with a norm defined by f X ′ = sup g∈X, g X =1 |f g|. Lattice X ′ is called the order dual of the lattice X.
A lattice X has the Fatou property if for any f n , f ∈ X such that f n X 1 and the sequence f n converges to f a. e. it is also true that f ∈ X and f X 1. The Fatou property of a lattice X is equivalent to (m × µ)-closedness of the unit ball B X of the lattice X (here and elsewhere (m × µ)-convergence denotes the convergence in measure in any measurable set E such that (m×µ)(E) < ∞). If X has the Fatou property then the unit ball of X A is also closed with respect to the convergence in measure by the Khinchin-Ostrovski theorem ( [7, Chapter II, §7.1, Theorem 5]); see [17, §1] .
By definition, for any f ∈ X A and almost all ω ∈ Ω function f (·, ω) on T represents the boundary values of an analytic function on D; thus any such f is naturally identified with a function on D × Ω analytic in the first variable for almost all fixed values of the second variable. In the case of a discrete measure µ we can exploit the topology of uniform convergence on the compact sets of D in order to establish closedness of maps; such an argument appeared before in [17, §3] .
Proposition 11. Let X be a Banach lattice of measurable functions on (T × Ω, m × µ), where µ is a discrete measure consisting of a finite number of point masses. Suppose that X satisfies the Fatou property and property ( * ). Then the closed unit ball B of X A is compact in the topology 6 τ of the uniform convergence on all compact sets of D × Ω.
Since τ is metrizable, it is sufficient to verify that for any sequence f n ∈ B there is a subsequence converging to some f ∈ B in τ . Observe that there exists some g ∈ X ′ such that g X ′ = 1 and g > 0 a. e. (see, e. g., [27, Proposition 9] ). Lattice X ′ also satisfies property ( * ) (see [17, Lemma 2] ), so there exists some w ∈ X ′ such that w ∈ X ′ , w > g > 0 a. e. and log w (·, ω) ∈ L 1 for a. e. ω ∈ Ω. We may assume that w X ′ = 1. Thus we can construct an outer function W = exp (log w + iH[log w ]) such that |W | = w a. e.; here H denotes the Hilbert transform acting in the first variable. It is easy to see that f n W belongs to the unit ball of the space H 1 (T × Ω). Since measure µ consists of a finite number of point masses, the latter space is dual to C (T × Ω) /C A (T × Ω), so there exists a subsequence f n ′ W converging in the * -weak topology to some h ∈ H 1 (T × Ω), and therefore f n ′ W → h in τ . Finally, we need to verify that f = W −1 h ∈ B. Indeed, by a well-known corollary to the Fatou property (see, e. g., [27, Proposition 10] or [28, Proposition 3.3] ) there exists a sequence ϕ j of finite convex combinations of {f n ′ } n ′ >j such that ϕ j → ϕ a. e. on T × Ω for some ϕ ∈ B, and we surely have ϕ j → f on D × Ω. By the Khinchin-Ostrovski theorem the sequence ϕ j converges to ϕ also in τ . Thus indeed f = ϕ ∈ B.
6 One may also take for τ the equivalent topology induced from the * -weak topology of H 1 by the map Φ : X A → H 1 , Φ(f ) = W f , where W is the outer function defined in the proof; however, the necessary topological explanations seem to complicate this approach and make it less straightforward.
We only need to observe that log f Proposition 13. Let X be a Banach lattice of measurable functions on (T × Ω, m × µ) with measure µ consisting of a finite number of point masses, and let f ∈ X. Suppose that X satisfies the Fatou property and property ( * ), f > 0 almost everywhere and log f (·, ω) ∈ L 1 for a. e. ω ∈ Ω. Then for all A > 0 sets
are compact in the weak topology of L 1 .
Indeed, by making a change of measure if necessary we may assume that m(T) = µ(Ω) = 1. It is well known that the positive part of the unit ball of a Banach lattice is logarithmically convex, so V X,f,A is a convex set. Observe first that by the Fatou property V X,f,A is closed with respect to the convergence in measure, so V X,f,A is also closed in L 1 and thus weakly closed. Now, by the Dunford-Pettis theorem it suffices to prove that the set V X,f,A is bounded and uniformly absolutely continuous. Let B be a measurable set of T × Ω. We define w ∈ X ′ as in the proof of Proposition 11. Then {w g | log g ∈ V X,f,A } is a bounded set in L 1 , and by Lemma 12 we have log
as (m × µ)(B) → 0, and this convergence is uniform in log g ∈ V X,f,A .
On the other hand, we also have
as (m × µ)(B) → 0 uniformly in log g ∈ V X,f,A . Therefore the set
is bounded and uniformly absolutely continuous, which implies its relative compactness in the weak topology of L 1 . It follows that V X,f,A is also compact. A couple (X, Y ) is called strongly AK-stable if for any f ∈ X, g ∈ Y , such that f + g ∈ (X + Y ) A , there exist some F ∈ X A and G ∈ Y A such that f +g = F +G, F X c f X and G Y c g Y with a constant c independent of f and g. The properties of AK-stability and strong AK-stability are equivalent for couples of Banch lattices satisfying the Fatou property; see [18, Lemma 3] .
Proof of Theorem 5
Suppose that under the conditions of Theorem 4 a couple (X, Y ) is AK-stable. By [30, Theorem 4] it is sufficient to prove that (X, Y ) is boundedly AK-stable: we are given some f ∈ X and g ∈ Y and we need to find some U ∈ H ∞ such that U L∞ c and gU X c f X , f (1 − U) Y c g Y with a suitable constant c depending only on the AK-stability constant of the couple (X, Y ). To do that, we construct a certain set-valued map such that its fixed points yield a decomposition of the required form.
First, we may assume that the measure µ has only a finite number of point masses. Indeed, suppose that the result holds true in this case. Let α ⊂ Ω be a measurable set containing only a finite number of the point masses of µ. Then the sets
are nonempty. It is easy to see that the sets U α ⊂ L ∞ are convex, bounded and closed with respect to the convergence in measure, and
We may take a nondecreasing sequence α j such that j α j = Ω and apply [10, Theorem 3, §X.5] to establish that the set U Ω = j U α j is nonempty, which implies the existence of a function U ∈ U Ω with the necessary properties. Excluding some trivial cases allows us to assume that f = 0 in X and g = 0 in Y . By making use of the property ( * ) we may assume that log f (·, ω), log g(·, ω) ∈ L 1 for almost all ω ∈ Ω. Furthermore, homogeneity allows us to assume that f X = 1. Suppose that λ = g Y . We denote by X + λY the space of the measurable functions h on T × Ω having a finite Kfunctional norm
It is easy to see that X + λY is a Banach lattice satisfying the Fatou property. We denote by B Z the closed unit ball of Z for any Banach space Z. Surely B X + λB Y ⊂ 2B X+λY . Let V = V f ∨g,X+λY,4 be the set defined by (3); we endow V with the weak topology of L 1 . By Proposition 13 V is weakly compact, and so V is metrizable since L 1 is a separable space. We endow spaces B X A and B Y A by the respective topologies of uniform convergence on compact sets in D × Ω and define a map Φ 1 :
It is easy to see that the values of Φ 1 are nonempty. By making use of the logarithmic convexity of B X+λY it is not difficult to see that the values of Φ 1 are convex. Let us verify that Φ 1 is upper semicontinuous.
7
It is sufficient to prove that the graph of Φ 1 is closed. Indeed, suppose that we are given some sequences
and log w n ∈ Φ 1 ((u n , v n )) such that u n → u, v n → v and log w n → log w in the respective spaces; we are to verify that log w ∈ Φ 1 ((u, v) ). We denote by P z the functional corresponding to the evaluation of the convolution with the Poisson kernel at z ∈ D; thus P z ψ = ϕ(z) for any suitable harmonic function ϕ on D having boundary values ψ on T.
Since functions log |u n | are subharmonic,
for all z ∈ D and almost all ω ∈ Ω. Passing to the limit in (4) yields log |u(z, ω)| P z [log w (·, ω)], which implies that w |u| almost everywhere. Similarly we obtain w |v| and w f ∨ g; thus
Since w n ∈ 4B X+λY , by [27, Proposition 9] there exists a sequence a n of finite convex combinations of {w j } j n such that a n → a ∈ 4B X+λY almost everywhere. On the other hand, weak compactness of V implies that there exists a sequence b n of finite convex combinations of {log w j } j n such that b n → log w in L 1 and hence b n → log w almost everywhere. A straightforward modification of this construction (see, e. g., the proof of [27, Proposition 13]) allows us to assume that the convex combinations a n and b n have the same coefficients α (n) j . By the convexity of the exponential we have
j w j = a n .
Passing to the limit in (5) yields w a almost everywhere, and so indeed w ∈ 4B X+λY . Thus the graph of Φ 1 is closed, which implies that Φ 1 is upper semicontinuous and its values are compact (as closed subsets of V ); since they are also convex, we see that Φ 1 is an acyclic map. Now we endow (X + λY ) A with the topology of uniform convergence on compact sets in D × Ω and define a (single-valued) map
We note in passing that since the logarithm is a concave function, in order to have upper semicontinuity of Φ 1 it is crucial that it is defined on a set of analytic functions and the measure µ consists of a finite number of point masses. For a simple illustrative example consider a sequence u n (t) = v n (t) = 1+(e 2 −1) sign + sin(2πnt). It is easy to see that log v n → 1 in the weak topology of L 1 , but in many cases we have u n → e 2 2 > 1; for example, in the weak topology of the lattice L 2 .
for all log w ∈ V , z ∈ D and a. e. ω ∈ Ω, where Q z is the convolution functional with the corresponding conjugate Poisson kernel Q z = P z H. It is easy to see that this map is continuous and |Φ 2 (log w )| = w almost everywhere.
Finally, we define a map Φ 3 :
where c is a constant of the assumed (strong) AKstability of the couple (X, Y ). It is easy to see that this map takes nonempty convex values and its graph is closed, so Φ 3 is also an acyclic map. Now we define the composition map
F is closed and compact as a composition of compact and upper semicontinuous maps. Thus by Theorem 10 there exist some u ∈ B X A and v ∈ λB Y A such that (u, v) ∈ F ((u, v)), which means that there exists some w ∈ 4B X+λY such that w |u| ∨ |v| ∨ f ∨ g and Φ 2 (log w ) = u + v. Since Φ 2 (log w ) is an outer function satisfying |Φ 2 (log w )| = w |u| ∨ |v| ∨ f ∨ g almost everywhere, analytic functions U = 
This concludes the proof of Theorem 5.
Proof of Theorem 6
For any two quasi-normed lattices X and Y on the same measurable space the set of pointwise products
is a quasi-normed lattice with the quasi-norm defined by
If both lattices X and Y satisfy the Fatou property then the lattice XY also has the Fatou property. If either of the lattices X and Y has order continuous quasi-norm then the quasi-norm of XY is also order continuous. By the celebrated Lozanovsky factorization theorem [21] L 1 = XX ′ for any lattice X satisfying the Fatou property.
For any δ > 0 and a quasi-normed lattice X the lattice X δ consists of all measurable functions f such that |f | 1/δ ∈ X with a quasi-norm
It is easy to see that (XY ) δ = X δ Y δ for any X, Y and δ, and X δ naturally inherits many properties from X. For any 0 < δ 1, if X is a Banach lattice then X δ is also a Banach lattice. If both X and Y are Banach lattices then for any 0 < δ < 1 lattice X 1−δ Y δ , sometimes called the Calderón-Lozanovsky product of X and Y , is also a Banach lattice; moreover, there is a very useful relation (
δ (see [3] , [21] ). In [3] (see also [19, Chapter 4 , Theorem 1.14]) it was established that Calderón products often describe the complex interpolation spaces between Banach lattices: (X 0 , X 1 ) θ = X We say that a function w belongs to the Muckenhoupt class A p , 1 < p < ∞, with a constant C, if w 0 a. e. and ess sup
here M denotes the Hardy-Littlewood maximal operator acting in the first variable. A lattice X is called A p -regular with constants (C, m) if for any nonzero f ∈ X there exists a majorant u |f | such that u X m f X and u ∈ A p with constant C. The well-known relationship between A p and BMO easily implies that X is a BMO-regular lattice if and only if X δ is A p -regular for some δ > 0. The notion of A pregularity is a very useful refinement of BMO-regularity, since the sets of the corresponding A p -majorants are convex; for more detail see [28] .
The following proposition generalizes [30, Proposition 20] ; the latter corresponds to the particular case with r = s = 2, Z being 2-convex and both lattices Z and Z ′ having order continuous norm.
Proposition 14.
Let Z be a quasi-Banach lattice on T × Ω having the Fatou property. Suppose that lattice V = (L r , Z) θ,s is BMO-regular for some 0 < θ < 1 and 0 < r, s, < ∞. Then Z is also BMO-regular.
In order to prove Proposition 14, we will reduce it to [30, Proposition 20] . The reduction uses fairly straightforward techniques that appeared in the proof of the latter result; for clarity, we spell out the details. Indeed, it is well known (see, e. g., [31, , we may assume that V is A 2 -regular, Z is 2-convex and r, s > 2. By the reiteration theorem (see [1, Theorem 3.10.5, Theorem 4.7.2]) we have
for all 0 < β, ζ < 1 such that θ = βζ. Such a value of β exists for any θ < ζ < 1. Thus we may replace the lattice Z with L 
are also A 2 -regular; here 0 < θ 0 < θ 1 < 1 are sufficiently close to 1, 0 < γ < 1, θ = (1−γ)θ 0 +γθ 1 , and 1 p ∞ is arbitrary. This implies that we may replace s by any value 1 < s < ∞, and in particular we may assume that s = 2. Finally, by applying [30, Proposition 17] again we see that the lattice
is A 2 -regular; here we take some 1 < t < 2, find the unique 0 < θ 2 < 1 such that
, and also find the unique 0 < η, η 2 < 1 such that η 2 = θη and (1 − η 2 )θ 2 = η(1 − θ). It is easy to see that these conditions are satisfied with η 2 = 
is also AK-stable; the equality follows from the Lozanovsky factorization formula. Thus by replacing X with X [(
p we may assume that Y = L p , which we will do from now on; it is routine to verify that BMO-regularity of and any ε > 0. Choosing θ close enough to 1 thus ensures that Z is a Banach lattice. We may assume that p < 2. By [17, Lemma 7] it follows that the couple (Z ′ , L p ′ ) is also AK-stable. Now we repeat this
,p ′ for 0 < θ 1 < 1 sufficiently close to 1 ensures that Z 1 is a 2-convex lattice, and the couple (Z 1 , L p ′ ) is AK-stable, with L p ′ also being a 2-convex lattice. Thus we may apply [30, Theorem 2] , which shows that Z 1 is BMO-regular. By Proposition 14 it follows that lattice Z ′ is BMO-regular. Therefore by [28, Theorem 1.5] lattice Z is also BMO-regular, and yet another application of Proposition 14 yields the required BMO-regularity of the lattice X. The proof of Theorem 6 is complete.
Proof of Theorem 9
Suppose that under the assumptions of Theorem 9 formula (2) holds true for some 0 < θ < 1. Let X α = (X, L q ) α,p and Y α = (X A , H q ) α,p for 0 < α < 1. The nontrivial inclusion from (2) can then be written
η for all 0 < θ 0 < θ < θ 1 < 1 and 0 < η < 1 such that θ = (1 − η)θ 0 + ηθ 1 . Thus (2) implies the "good complex interpolation" formula (10) (
The assumptions of Theorem 9 imply that lattices X α are s-convex and t-concave with some 1 < s, t < ∞. Therefore we may apply [9, Theorem 5.12] to (10), which yields BMO-regularity of the couple
Passing to the dual in (11) is also AK-stable for all θ 0 < α 0 < α 1 < θ 1 , and hence it is BMO-regular by Theorem 6. By a well-known relation (see, e. g., [30, Proposition 11]) we have (13) L 2 = (X, X ′ ) 1 2 ,2 ; plugging this formula into (12) and applying the reiteration theorem allows us to rewrite (12) as (X, X ′ ) β 0 ,2 , (X, X ′ ) β 1 ,2 with some 0 < β 0 < β 1 < 1. This by [28, Theorem 5.8] means that the lattice (X, X ′ ) β 0 ,2 (X, X ′ )
is BMO-regular (the order continuity of the norm assumptions imply that (X, X ′ ) ′ β 1 ,2 = (X, X ′ ) * β 1 ,2 = (X * , X ′ * ) β 1 ,2 = (X ′ , X ′′ ) β 1 ,2 , and the Fatou property is equivalent to the order reflexivity X ′′ = X), and so is the lattice . By passing to the duals in (14) with the help of [28, Theorem 1.5] if neccessary we may further assume that 0 < γ < , and by the reiteration theorem and (13) we have (X, X ′ ) γ,2 = (X, L 2 ) ζ,2 with some 0 < ζ < 1. Finally, Proposition 14 shows that X is BMOregular. The proof of Theorem 9 is complete.
Concluding remarks
The topic of the relationship between AK-stability and BMO-regularity belongs to a large number of rather general problems, one of which can be informally stated as follows: to what extent the interpolation properties of the general couples (X A , Y A ) are similar to those of the couples of weighted Lebesgue spaces (H ∞ (w 0 ) , H ∞ (w 1 ))? As we mentioned in Section 2, our knowledge of the latter appears to be quite satisfactory. We can summarize the relevant results from [11] .
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Theorem 15. Let w 0 and w 1 be a couple of weights on T × Ω such that log w j (·, ω) ∈ L 1 for j ∈ {1, 2} and a. e. ω ∈ Ω, and let 1 p 0 , p 1 ∞. The following conditions are equivalent.
(1) [F ((L p 0 (w 0 ) , L p 1 (w 1 )))] A ⊂ F ((H p 0 (w 0 ) , H p 1 (w 1 ))) for all interpolation functors F in the category of Banach spaces. If we use this result as a guide, it becomes clear that for a general couple of Banach lattices (X, Y ) our knowledge is still somewhat incomplete. In particular, it is unknown whether BMO-regularity of (X, Y ) implies that (X A , Y A ) is a partial retraction of (X, Y ). On the other hand, it is unclear whether a sufficiently general version of 2 ⇒ 5 holds true for the real interpolation; Theorem 9 is a step in this direction.
We also mention that it would be desirable to revisit the seminal result of N. Kalton [9] about the equivalence between the stability of complex interpolation and BMO-regularity, for clarity and potential generalizations.
